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The Tall Tree

John Andersen

In this chapter methods from analytical geometry are used for locating an object in the physical world
outside classroom. Most of the mathematical background is recapitulated in section 2. Only part of the
curricula for lower secondary school is needed. What makes the task rather demanding is the shift of
scenery from classroom to the surroundings of the city of Aarhus. You have to be dedicated to the task
to keep focus.

Tools that will be used are GPS-device, Google Earth, the dynamical geometry software GeoGebra,
and digital camera to mention the most important.

1 The main problem: Locating the tall tree

From many places in and around Aarhus, DK, you can see a tall tree protruding the other trees in the
forest south of the city. But if you are trekking in the forest you cannot see the tree since its crown is
hidden by the rest of the forest.

A friend drew my attention to the tree a day in spring when we enjoyed a cup of coffee at a cafe by
Marselisborg Marina. He told me that he once did challenge some students to locate the tree. We did
not discuss the details further.

Afterwards reflecting on what he had told me | became interested in trying it out for myself to explore
the mathematical possibilities connected with a task like that.
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Fig. 1 Wiev towards south from a breakwater at Marselisborg Marina, Aarhus, DK.
An enlarged part of the picture showing the tree is inserted.

At the time | was teaching analytical geometry to my students at The Teacher Education in Aarhus.
Maybe that's why my thinking was drawn in the direction of intersecting lines and coordinate systems.
I wanted a way of attacking the task that could inspire my teaching in the future

Below | will give a description of some different ways of solving a classical type of problem from
analytical geometry at a level around the curricula of lower and upper secondary school.
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2 A classical task from analytical geometry

Problem

Points A, B, C og D are by a Cartesian coordinates located at A(1,3), B(5,2), C(2,7) and D(4,6). Lines
I and m are drawn through AB respectively CD. Determine the point of intersection of the two lines.

2.1 Traditional paper and pencil solution

You draw coordinate axes on a sheet of paper with a square grid, mark the points A, B, C and D. Draw
the lines | and m. Then you stop. Oh no! — Intersection will be outside the border of the sheet.

\3 L

~

)

T
‘Z \\

Fig. 2 Determining intersection of lines | and m.
First attemt: Failure due to bad design.

Some students might think that mathematics is a stupid subject because of things like this happens all
the time. But it is part of the game. You will have to undo and redo things again and again. No escape
if you want to learn and perform in mathematics. A new attempt must be done incorporating
experiences from first attempt. You turn a new sheet of paper 90° counterclockwise and try again.

As we shall see in section 2.3 technology helps us getting around bothersome parts of redoing things
when experimenting with mathematics.

3

Fig. 3 Determining the intersection point.

Redrawing coordinate system on a new sheet of paper gets you through.



FEE Lifelong
S | carning 0 "
MM Programme %i’é

This time you succeed. Reading of the coordinates give you answer S(19,-1.5). At least if you round
off to nearest grid point — and if you are used to nice numbers in problems that's probably what you'll

do ©.

2.2 Classical solution by means of algebra: Equations of lines

At a more advanced level, but still within reach of lower secondary school, you can choose to set up
equations for the two lines and solve for x and y. Fig. 4 shows authentic draft from this way of

handling the problem.
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Fig. 4. Algebraic solution as in the good old days.
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Due to nice numbers the job can be done with not too much trouble although many 15 years old kids

may find it quite challenging.
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2.3 Solution using dynamical geometry software

F

Using dynamical geometry software such as GeoGebra makes the drawing much easier and precise

and trouble with scaling and running out of space on paper is eliminated.
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S(19,-1.5)

Fig. 5 Part of screen where GeoGebra is used to determine intersection points.
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Build in tools in GeoGebra draw on algebraic methods internally in the computer. The user do not
need to know the algebra although the precision from section 2.2 is obtained just by activating relevant
tools and clicking with the mouse pointer. Details are omitted at this place since elsewhere in the book
you will find a lot on GeoGebra. The construction protocal below gives an idea of the procedure

followed.
rO Construction Protocol X
File View Help )
No. |Name | Definition |Value
1 PointA A=(1,3)
2 PointB B=(52)
3 |PointC C=(2.7)
4 |PointD D=(4.6)
4| 5 Linem Line through C, D my=-05x+8
6 |Linel Line through A, B lly=-025x+325
A 7 PointS Intersection pointofm, | |S=(19, -1.5)
8 |Text tekst1 "A"+ A tekst1 = "A(1, 3)"
9 Texttekst2 |"B"+B tekst2 = "B(5, 2)"
10 Texttekst3 "C"+C tekst3 ="C(2, 7)"
11 Texttekst4 ["D"+D tekst4 = "D(4, 6)"
12 Texiteksts "S"+S teksts = "S(19, -1.5)"

Fig. 6 Protocol for the construction shown in Fig. 5.

Try it out for yourself in GeoGebra.
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2.4 Just calculating — drawing becomes secondary

Software like GeoGebra provides build in functions making it possible to do all input and output in
algebraic form. This can be an advantage when graphics becomes difficult to handle due to e.g. large
numbers.

Below in Fig. 8 is shown what can be typed in the input line of GeoGebra to solve the problem of the
intersecting lines. (%' means pressing the Enter key).

A=(1,3¢
B=(5,2)+
C=(27+
D=(4,6)«

I = Line[A,B]+

m = Line[C,D] +

S = Intersect[l,m] <

Fig. 7 Keyings that result in calculation of the coordinates of the intersection point.

¢J Construction Protocol XS
File View Help

No. |Name | Definition [value
1 |PointA A= (570900, 6225385)
2 |PointB B =(573342, 6222738)
3 |PointC C =(575805, 6222243)
4 |PointD D = (575920, 6220470)
5 |Linel Line through A, B |: 2647x + 2442y = 167135...
6 Linem Line through C, D m: 1773x + 115y = 173646...
7 PointS Intersection point of |, m S=(575956.73, 6219903.7 ...

Fig. 8 Construction protocol appearing as a result of the keyings from Fig 8.
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3 Locating the tall tree

Theory behind the method: If | locate a suitable point A from where the tree can be seen and then
choose a point B on the line for A to the tree and do the same with points C and D then drawing lines
on the map should determine the tree as intersection point of the two lines.
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Fig. 9 Reflections on the method for locating the tree — Also see Fig. 3.

I decide to use my handheld GPS-device to measure the UTM-coordinates of the points. Then | can
calculate the intersection point S by the method used in section 2.4. You find more on GPS-devises in
[1] and in [2] you can read more on UTM-coordinates and analytical geometry. | recommend these
chapters as prerequisites or companions for what follows.

3.1 Points A, C and their coordinates.

In the north-western part of Aarhus are located some hills with a pretty good view over the city and its
surroundings. The top of the tallest hill is chosen to be the point A. The view towards south-east from
this point is shown in Fig. 11.
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Fig. 10 Wiev towards south-east from the tallest hill in Hasle Hills located at north-western part of
Aarhus. (10 x Optical zoom).

I read of coordinates 32V 570900 6225385 on the GPS-device. Together with A | need a point B on
the line towards the tree. It looks as if the north-eastern part of the tall building right in the middle of
the picture will do so | will try to locate it to read of coordinates. More about this part in section 3.2.

As my point C | choose the breakwater at Marselisborg Marina where the problem was first presented
to me. You see the view at Fig. 1.

The coordinates read of as 32V 575805 6222243. A matching point D is located in a bit tricky way.
Thanks to a binocular and the zoom on my camera | could see some details on the beach in front of the
forest shown i Fig. 12.

Fig. 11 Part of Fig. 1 with 10 x optical zoom. Looking carefully you can see breakwaters along the
beach. If necessary use the zoomtool in your reader.
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In the right side of the picture you see a TV sending mast (Sgsterhgj sendning mast) which should be
easily located on a map. On the line towards this mast you find the end of a breakwater and counting
shows that number six breakwater to the left of the one in front of the sending mast is located on the
line towards the tree. | choose this for my point D

3.2 Coordinates for B and D
The block of flats that | decided to use for the point B is found on Google Earth as shown i Fig. 13.
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"needle"”. Right clicking at the "needle" choosing properties you can read of the coordinates.

Coordinates for B is read of as 32V 573342 6222738. Notice that Google Earth can be set for UTM
coordinate mode.
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Fig. 14 Part of the options in the Google Earth menu Functions > Settings....

At this point someone will ask: If you read of the coordinates for B in Google earth why not read of
coordinates for The Tall Tree the same way and avoid all this trouble? The answer to this is that in the
woods there is no Google Street View. No 3D pictures here so all trees look the same from above. You
can't find it. So using Google Earth we must stick to points that have some features that can be
recognized on the maps.
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Next step is to locate the breakwater from Fig. 12 on the map. Drawing a line on the Google Earth
map from the TV sending mast to point C at Marselisborg Marina. This can be done by tools that

comes with Google Earth.
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Fig. 15 Auxiliary line for locating breakwater no. 6 at Fig. 12.

Step no. 2 is to make a zoom at the beach line as is shown in Fig. 16.
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Fig. 16 Zooming in at the important part of Fig 15 and marking the point D at breakwater no. 6 with a
Google Earth needle. A frame with the coordinates is inserted.

Coordinates of the breakwater reads of as 32 V 575920 6220470
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3.3 Calculating the intersection point S of the lines

Apart from trekking the woods to touch The Tall Tree getting the coordinates of points A, B, C and D
shows up to be the hardest part of the job. Now we can use the method from section 2.4 to calculate
coordinates for the intersection point S of the lines.

A = (570900 6225385)~
B = (573342 6222738) +
C = (575805 6222243) «
D = (575920,6220470) +
| = Line[A,B] +
m = Line[C,D] +
S = Intersect [I,m] <
Fig. 17 Intersection of aiming lines by the method from Fig. 8

.. Free Objects

- @ A=(570900, 6225385)

----- » B=(573342,6222738)

----- » C=(575805,6222243)

- @ D=(575920,6220470)

.. Dependent Objects

- @ §=(575956.73, 6219903.77)

----- W 11 2647x + 2442y = 16713562470
o mi1773x + 115y = 1736460210

Fig. 18 Part of the algebra window from GeoGebra.
Calculation yields coordinates for S as (575957, 6219904).
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Fig. 19 Aiming lines through AB and CD and intersection point S on Google Earth map.
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4 Into the woods

Now the result of it all has to be tested against reality. Coordinates are read into the GPS-device and |
get on my bike guided by the pointer of the GPS. The following collage shows steps on the last part of
the journey.
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Fig. 20 Last part of the journey towards The Tall Tree.

The last picture shows arrival at foot of the tree.
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Fig. 22 Even when you stand just below the tree it is not easy to see how much it protrudes the
neighboring trees. Only at distance you can see the real difference between The Tall Tree and the rest
of the forest. — See Fig. 1 and Fig. 11

Coordinates of The Tall Tree is read of as 32V 575954 6219919. Keying these coordinates into
GeoGebra makes it possible to calculate the distance between S and the tree T.

. Free Objects
~- @ A=(570900, 6225385)
» B=(573342,6222738)
» C=(575805,6222243)
» D=(575920,6220470)
9 T=(575954, 6219919)
. Dependent Objects
2 S=(575956.73,6219903.77)
0 d=1547
2 1:2647x + 2442y = 16713562470
2 m:1773x + 115y = 1736460210

Fig. 23 Calculating distance |ST| between calculated intersection point S and The Tall Tree T with
coordinates read of at the GPS-device place at the foot of the tree.

Calculations results in a distance d = 15,5 m in accordance with Fig. 21.
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